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AT SPEEDS %ELCIV A-NDABOVE THE SPEED OF SOUND .
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By Robert. ~. Jones
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.SUMMARY ‘:“ -‘ -.. —
\

Low-aspect-ratio ~tiingshaving pointed plan forms are
—.

treated on the assumption that the flow potentials in
,.

planes at right angl~~.to the long axis of,_&e_airfcsils
sxe similar to the corre spending two-d imensfona~po%en- --““ ~=
tials , For the limiting case of small angles of attack
and low aspect ratios the theory br~s out the following ._,T_, “
significant properties :

— +
—

(1) The lift of a slender, pointed airfoil moving in
the direction of it,slong axis de~ends on the increase in
width of tb.e sections,in a downstream direct lo~~ections
behind the section of.maximum width develop M.lift.,.;,.,. .-.-..,.,.,,.f,... ,.. -—

(2)”jTheb.panwi~,eloading of such an.a.j.;s~~lis inde---
pendent of”the ‘plan:form and ~firoaches.th~ dis.jzibution
givf.n~ a ,mjnimum induced drag. “!- . ::~~,~,~

—

—.

—
-— -_

--
—--..__.:.

.L

,.,
(3) The lift distribution of a pointed airfoil

travellinC point-foremost is rql.atively unaffected by “the-
compressibility of the air below or above the spGed of’ ““--”-~

—

Sound ,

A test of a triangular airfoil at a Mach number” — —

of 1.75 verified the theoretical values of lift and center
of pressure.

.-
..

INTRODUCTION
-.s

. .

The assumption of small disturbances in a,two-
dimensional potential flow leads to the well-known thin- ...__~
airfoil theory of Munk (reference 1) and the Prandtl-
Glauert rule (references 2 and 3) at speeds less’than . .—..--—
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son.lc. At speeds above the speed of sound application of
the same assumptions leads to the Ackeret theory (ref’er-
enco 1), according to which the wing secttons generate
plane sound waves of’small amplLtude. As is well known,
the..~ckerct theory predicts a radical.than.ge in the ProP-
ert:Les of such wings on transition to supersonic velocities
anl these changes have been verified by experl?menfi i-
supersonic wind tunnels (reference 5).

-–Both the Ackeret theory and the Munk .thggry apply to

—.
.

---

the casa of a wing paving a-lar~e ?pan..qnd..~small chord~_.—.._
The””present disctis~ion is based on assumptions similar to-
those used by Ackeret and Munk but covers the opposite
extrene, namely, the wing of s;aallspan and large chord.
In the latter case the flow is expected to be two-
dim$nstonal when viewed in planes perpendicular to the
dlrf!ction of motion.

A theory for the rectangular wingj of’small aspect
ratio has been given b~-Bollay (reference 6). Bollay
assumes a separated, cm discontinuous, potential flow
similar to the well-known Kirchoff flow .@n.ds.hg~yst.hak
under these cireum.s”tancesthe lift is proportional to
the square of the angle oflattack. ?3011aydoes not con-
s’iderthe offe.ctof compressibility. The present tr~at-..
ment covers other plan form”sand, @lthough baaetion dif-
ferent assumptions, is not Inconsistent with Bollayrs
thoco?y in the limitin~ cas~ of SWQII.angles of attack.

Ry limiting the plan fo”rmsto small VerteX angl@s$
the pro~crties of the wings in compressible flow at high
subsonic and at suporsoni.c speeds sre also cov=ed,
Tsien (referent* 7

d
has pointed out that Munkts airshtp

thecry (reference ) applies b–a glender body of’revo-
lution at speeds greater than sonic. The lift and moment.
of such a body are not expected to chan&e .apprec~ably
with l!achnumber- The present~a~er gives an an~lysl.s–of
the low-aspect-ratio airfoil based on similar assumptions
and shows that little change of the lift distribution of
an airfoil of point~d plan form lying near th-6“c6-ii~-6ro~-
the ;Jach cone is to be expected.

SYMBOLS -:.

. ..
v. fl.i~htiweloc:ity--

a ; angle of””attack
.—.——- -. . . . .., . .. ~_.7._.
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m . .

distance along sxis of symmetry Qf pointed airfoil,
;;Leasureddownstream “fromnose ..—. .

symwise distance, ”measured from axis of symmetry
.

vertical distance from plane of wing ....._._.

time -- .

.-.

,
additional apparent mass (spanwise secticn).....

.:
local span

——,-. .-% ..-
--—

chord

Gensity of air

dynamic pressure
“()

&
- .—.-

local Ii.ft’force-(per unit length) ‘ - ‘-.
> ...

- (.:~)
local lift coefficient —
..”’

Induced drag
Di

induced-drag coefficient.
.$ .()z

-

total lift’
-+

.==i
..—

.<
—.

surface -potential

spanwi.se-locatian paramaber
60<’ $)

. . .

loaal pressure difference
.-*

Mach rrmnberj ratio. of flight velocity to speed of “-”‘=-- ‘:.—
—

of airfoil”

-J Sound

x C.:3. disienca of center of pressure from nose

pitching-moment coefficient
(
Pitching nament

qscm= )
cm

-.

u
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max maximum (used as subecrlpt)
—.

mE&y F’C)li\V1iGS OF LCW ASIiWT RATIO. ..,, ~ ~:.
...... . -.

‘_’Theflow abou~ airfoil of very low aspect ~atio
may ‘beconsidered two-dimensional when vfewed in cross
sections perpendicular tm the Ion-gitudlnal axis . with
this idealization, the trea~ment of the low-aspect-ratio
airfoil becomes exceedingly simple; formulas are obtained
that are similar in some respects to those derived-by
Munk (reference 8) and Tsien (reference 7) for m elon-
Gatei!.b.od~;of.revolution.

Perhaps:the simplest ca~e from the anal~ical point
of V:I.CWis that of’the lo~~ f>at, triangular airfoil
travolling point-foremost at a small angle d’ attack.
viel:~~]dfr~lna ref’er~nce system at rest in the undi.st~~d
~luld, the flow pattern in a plane cutting the a~foll at
a distance x f’romthe nose is the familiar twa-
dlmenslonal flow caused by a f’latiplate having the normal
velocity Vu. (See fig. 1.) Observed in this plane, the
width o.fthe plate and hence the scale of the flaw pattern
contintially increase as the airfoil progresses through
the ~olane, This increase in the scale of the flow patt.srn
requires a local ltftiforce Z equal to the downward
velocity Va titiesthe local rate of increase of the
additional appsrent mass ml, or

A-t

since

~ --t. .-=4
.-

..-
-.. ,

dx -----
v= ~.” L

?y =well-known formula ftwmtwo=.d.imensional-flow
theory, - - ‘- ‘- ““ ‘-”- _.

~2 .~t. Tpti- %.
.,-:;.-.. .. -=...--. .-:-*—. .-.... . -:-.--. ,,*
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“3 where b is the local width of the plate. Hence

..:/

..
d~ I

= &Px
.,..

and the lift per unit length
expression

.

-.

ty~ ___ .—

z will be given by the

-—

.—
.-=

Dividing by &2 and by the area b dx gi.v~sthe local—.
lift Coefrici:rlt

—. .-,—.

db
CL ‘~a~ (1) --.=

; ~-
‘Hhen this flow is considered in more detail, it is

found. from the two-dimensional theory ‘that the surface”
,. pottintial @ is distributed spanwise ,according -tothe

a ordinates of an ellipse, that is>

) $=,va~fii’ . -, .._._______

+) —. -

where Coe e Yti—
b/2

and the sign changes in going from..

the ripper to th~~lower surface of the &?foil. (See ‘““ “:
fiq. 2.) An instant later, in the s~e plane, the
ordinates are tliose of a sli tly larger ellipse, corre-

—

spending to an increase of F The local pressure dif-”’
ference Is given by the local”rate of increase of”-”~, - :
that is,

_— .-

-J

AP .2P%
.-
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The pressu~e distribution thus””Sliow;’ an infinite peak -
aiorg the sloplng sides “of tb.eairfoil simtlar to the
pressure peak at the leading edge of a.conventional a-&=-
foil. The distribution alo

7-

r“adisl line? pass f.ng througl!a

the vertex of tl.ctriangle lined of constant
+)

.
:=------b 2 19

uni.i”orrn,”howev6i (fig. 5 )~ and ,tLaCO@op-of. .ETCE.ZWO
coincides wltk the canter of area.

.........
:.

Equations (1) ~ld (!!)-ShOW th=t the. .deVe>O~IiX3n$ Of
lift by the long slender aizzfoildepends on an expansion
of the sections in a downstrosm direction; hence a pert
cf’the surface having parallel sides would d~ye~op no
1if’“b”,‘Furtherrmre, a decreasing ‘J1citlIivould$ according ‘-:
to equation (l!),requfre negative ltit .witl~i.tiinitQ:_____–._.
nega”;ive pressure puaks along tlm e“dgesd the n~mrowor
Sec’tfom , In the act!~alflow, lmwever, the edge be:~ind
the n~.hmm CTOSZJsecticm will lis in the visco~m or
turbulent wake fori~ed over the surf“aceahead; and for
this “-r~agoti.it will be assuned that the infin~to pr~sg~”e
difference indicated by equation (3 ) cqqo t be developed
across these ed@~~- It is thts assumption, c7gr~espondin&
to the Kutta condition, which gives the -j.late the prop- .
erties of a airfoil as distinct frou -other type of’
body, such as a body of revolution,

..
.:”‘. .-. .
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representing the discontinuity of potential gver the for-
ward ~art of the airfoil.? This Sheet, although possibly-
wider than the downstream sections of the airfoil, stil~”
satisfies their boundary condition, since tb.elateral
arrangement of’the vortices is such as to give uniform

--.,._

downward velocity equal to Va over the entire width of
the sheet including the rearwa~d portion of the airfoil.
Since tb.epressure difference across the airfoil iS pro-
portional to d@/dx and since this gradient disappears

.-.-

as soon as the vortices become parallel to the stream,
.-. _ ._

no lift is developed on the rearward sections. - -.—— ..

Integration of the pressures in a chordwi~e direction
. .—...,.

from the leading edge dotistream to the wtdest section
..

will give the span load-distribution and the induced drag.
.-.-

The span load distribution is .-
. -.._ .- ..=-

%=;p~
by J ..— -..

or, .froznequation (3,), .
bL— = 2pvg ..—
by .-

. .

From equation (2), ,
. ,. ‘ ,$ = vab~ ~sin Q.

. . —.- —. ..... .= , _=
. . . .J .-. . . . .

Hence .dL/dy is elliptical and independe.nt,.~t.the..p.lan “
farm. Yith the elliptical span load.the induced drag Is
a minimum and is equal ,to -

..

? A second integration of & dy
,“” by

I section gives the total lift, which
-*

,“ L = fipV2abma2

‘ (.5)., ;., . ...’

. . . ._ - -
.. —

: :’ .-. ,,

:. -,, .

across the wi-de-s~

is ... . —
. . :(&j”-” _-’ .:

.-. .<
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The lift of the slender airfoil therefore depends only
On the width and not on the.area. If the lift is divided

by ++ and if the asp”ectratio, A is considered” to

b 2-”
be -~, then

:> .

( 7“)

and the induced-drag coefficient- is

=CL: (8)
..- .. ._..=-....—.=...”.= . ---—--—-- ----

From eqfia~lo”n” (8-) it-appears that the resultant forc~
lies halfway betw6en the normal to the surface and thp
normal to tlm air stream. .

It-is seen that in the case of a rectangular plan
f’ormthe simplified formula (equation (~)) gives an
infinite concentration of lift qt the leading edge and
no lift e19ewhere$ whereas a more accurate theory would
show E:tie‘distribution of the lift rearward. If the rate
of-increase”of t~e width becomes “too Crest, the flow can-
not be expected to remain two-dimensional. It can be
shown by examination of the known three-dimensional
(nonlif’ting)potential flow around an elliptic disk
(refeYence 9 ) , however, that the two-dimensional theory
gives a goodapproximation in the case of an elliptical
leading cd@, which indicates that the theory is-appl.i-
cable over a large range of nose sha~efl. In figure 5 is
shown a ‘c,ompafiis”onof the lift calculated by the present
theory “forelliptical wings of’low aspect ratio with the
results of’the more accurate thre-e-dimensional potentlal-
flow calculations of I@lenes (reference 10-). Th-e, results
are In good agreement up to aspect ratios approaching 1.
Application of equation (4.)gives a center of pr-sure
on the elliptical-plan form at one-sixth of the chord.
~igure.-6 also shows this value compared with values given
by K3?ienes~s theory. T.nthis respect it appears that
the agr~~ment is not so good as for the,lift.

.-

. ..—
..-
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lN1F13CTOF G@MPR3hSSIBILITlr

In order to show the effect of c“ompress.ibility,
use will be made of the theory of potential flow with
small tis~urb~”ces . Glauert (reference 2:] aid Prandtl. - ““
(reference ~ ) have demonstrated that, at subso@.c speeds, ‘-‘-
a distribution of potential sat,~sfyiag Laplace~s equa-
tion will satisfy the linearized comnresgible~flow e~a- -
ti.cn if the distribution x(~,y,z) is foreshortened
along the direction of motion ~y”the transformation

—

—

Y’ ‘Y
. .

21=2
-— . .

This fact may be applied in a calculation procedure by
starting with a fictitious airfoil longer illthe
x-direction tlasnthe true o~le a@ calculating the poten-

——

? tial distribution for this .airf.oilby methodb o.~“Incoa”-.-”:—- ._—_-
prsssible flo~?. The carrect dimensions ~nd-correct - ---–
distribution of

#)
~ are then ‘obtained when the trans-

f~rmation is applied. .

For the long slender airfoil,ithe potential distrL-
bution at.each section ig similar to that for an ~nfi- ..
nitely lang bod~~;therefore d@/bx and hence the ‘Ioc@_._.
pressures vary in inverse proportion. >0 t>e.le~gthl The
foregoing calculation procedure gives a ~dl result in ‘.
this case; since the pressures calculated for the ficti~.- ‘“-
tious airfoil at ,h?= Q will be reduced in t~e.ssme,,-

-..,
*. ratio that the len.~th is increased and the.LorentZ trans-

formation to restore, the correct len.gt~~tiillalso..”<g-s.tone
the same pressures as those obtained at “><,~ ~-~-~:$lnce-.-’””.-”””=
?$/bz is unchanged” by the transf!ormati.oti,me norr@l, . .... . -
velocity component and hence the +ngle of attack <~ -. “..
unchang? d slso. These results can be o~tairied.bj,gcfer- 1 ~‘“
ring directly to the lir.earized equation for Idlepo”tenti.al

...

\
‘-*

-z..

(See referenc9 ~. ) If tineairfoil is aufficiently,slender,

~~~i~2~ ar the e*e
can be neglected @ comparison “with..~“@fi-x

--

● Since the lift is proportional

.-—

..—
.-

.

—

.

.-
-..

...>
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to 3j17/&; the increase of” the lift wltliMac]lnunbeti .-
can therefore be neglected in comparison with. the lift.

It is @portwt to no”te that the tilqor~of small
dist~mbanct+s is nob:limitod to stibso~c velocities and

* ....-.(1 -+~ ;n””e~&tion ‘(;)
that:;%o lon~”a& %Iieterm

rema:hs small, the solution in tho”rugion of the ‘wing- -
..

will -co”titi-nu+tb”be “g”iv&fiby the “pote~tidl (.equat.iOm(2))0~~.
F.vidt?htly”the Mach ntinber cb“ot be Increased ““indef’i- “-

~i.tely, for th~n the.coefficient of #@/ax2 Will becolm
so large that the first term iY+llno Lohger be.neGli-.
gible . The reqtitred condition”will be satisfied, howevorJ
by aciopting a point”ed-plan fbr]ii ,wi~h the vert~x ar@@ so
smal]-that the ~ntire smf ace lies nbar the center of.._
the Mach cone (fig? .7) . The condition of”a small vertex –”
aw,lo is al’sonecessa~y fn order that Uie potc+ntial dis-
tribution of equation (2 ) ody ap~ly. In the case”of a
w~ng -with .ablunt-leading-edge plan f’or~, abrupt changes
in tke flow ai=iseon tr~it.icn~””to s~persotic .velocltie~,
and ~oteutial flow “of the subsofi”c type no longer exists.

~..-.,
The lift @.d lift distribution “for:”rg$t&l~_ ‘_ . ..

surfaces at-supersonic speeds liitivti””b-eeizcalculated by
Schli5htlng (reference 11} . Figure 7 shows tl~~...varia- ,
tion of li$t-curvs slope with Njatibnumbar. as o“btainod
f~om Sc.hlichtiti.G-!s “results for rectangul.azzyi=~g 0$’tw~ ‘“-
different aspect ratios and for”-t~e rai& ‘-ofspeeds in
which -tho two Mach coziesfrom the tips da riotreach -th
center of the wing. In t~e Gubsontc rangs, v“~ueS=gIvGn –”
by the.Ptiandtl-Glauert r~e “areshown. These c,prwes We
co?npared““wit-hthe v&lties Indicated by % present ~lheo~~r
~or a tritigular wing lying nem“ ‘_tPLe...ccg>er” of We W2h... _ –.. _—__——
cone, Figure 8 shows the tr”ave1“d-”the ceat%p~f-–p~es -
sure.for thwse plan forJms. It is to “bf3note~a~.-~<~~ .._........_...._.;
the bLunt-lcading-edgb plan form&~

------.....—.—-----
the center of prcsmu?e

travels from a point Ee”ar the.quarttir chord to apoin&_ __.._.___..—
n@ar tha midchord” when’“tinevelocity””“isilitireased above
the .Sjm&d of sound.

t“

;, .<-.. ... .. . . ...- .::3

,“
.- .
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As a test of the fore~oing analysis, a small trf.an-
gular airfoil in the form of a steel plqte vii~hrotinded
leadin&,edgeq was coastr,ucted and tested”in ‘t”he’.Langle~
model s~personic .tunn~l. .Thetests were made at a Mach
number ‘of”1.75. Figure 9 shows the dq$ails gl the.rnod61____
and figure .10 sunmarize.~the results of the test. At
zero angle of attack a Small lift””~rida small pitching
moment occur, which are presumably t~le result of the
camber given the airfoil by round.in~ off the leading edges

—

in the,manner shown by section A-A in f,i~~e g. .ln.- -
general, the results are in good agregment -with the theory
if an allowance is made for this camber, as shown i,n,
figure 10.

.—
-- - .-
,-

CONCLUSIOIJS .

‘1; The lift of a slender, pointed airfoil moving in-
the direction of its long axis depends on the increase .
in.,width.of the sections in a downstream direc~ion.

.-— ~=

Sec~ions,beh}nd the..section of msxfm..~ width .d~.ye.lopno
lift.

.—
“! -.. --—.

?. l!lqespan~ke.loading of.s~h an aZrT~ll !.s.inQe-
pend~n~ ‘or thpe.plan form and approaches the distribution
giving a &imum induced drag. x ..

T.. The li~t distribution of a pointed airfoil ‘
.traveling point-foremost is relatively unaffected by

—.

the compressibility of the air below or abovQ ~he SZeed=:...
—

.—— ..._-
of socnd.

.,
.,. .L,. .

,,

Langley Yemorial Aeronautical Laboratory” “ ‘-”‘“””
~Jational Advisory Cormnittee for Aeronautics

Langley Field, Va. J May 11, 19~5 .-t ~ .
:... ,, ..
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Figure L- Flow pattern.
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